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Abstract
The essential cyclomatic number of a hypergraph is the maximum number of independent
essential cycles of the hypergraph. In this paper, we 0rst prove a general upper bound for the
cyclomatic number in terms of the size, order and edge-size of a hypergraph. Then we give a
sharp upper bound for (n− 2)-uniform hypergraphs of order n by solving an extremal problem
of graphs. It is remarkable that this sharp upper bound is not generally achieved by the complete
(n− 2)-uniform hypergraphs. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Hypergraphs are set systems of 0nite sets. They constitute the most general struc-
ture and play an important role in discrete mathematics. In recent years, computer
scientists introduced the concept of acyclic hypergraphs and have proved that they are
important in the design of databases (see [2,7]). In [4,6,8], the meet-semilattice and a
useful parameter named cyclicity number was introduced in studying the cycle struc-
ture of hypergraphs. Lately, new systems of axioms for paths, connectivity and cycles
of hypergraphs have been constructed and t-dimension paths, t-dimension connectivity,
pseudocycles and essential cycles were de0ned (see [9]).
Let H be a hypergraph. An edge-essential sequence (e0; e1; : : : ; ek−1) with ei ∩
ei+1 = Si(i=0; 1; : : : ; k − 1) is called a cycle, if the following conditions are satis0ed:
1. ei\ej = ∅ and Si\Sj = ∅, for i = j.
2. for any i∈{0; 1; : : : ; k − 1}, there is no edge e of H such that e ⊇ ⋃2j=0 Si+j.
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A cycle (e0; e1; : : : ; ek−1) with Si = ei ∩ ei+1, i=0; 1; : : : ; k − 1 is called a 0rst type
pseudocycle if there is another cycle (e′0; e
′
1; : : : ; e
′
k−1) with S
′
i = e
′
i∩e′i+1(i=0; 1; : : : ; k−
1); such that Si ⊆ S ′i for i=0; 1; : : : ; k−1 and Si0 ⊂ S ′i0 for some i0 ∈{0; 1; : : : ; k−1}. A
cycle (e0; e1; : : : ; ek−1) with Si = ei∩ei+1 is called a second type pseudocycle if for some
i∈{0; 1; : : : ; k − 1}, there exists an edge-sequence (e′1; e′2; : : : ; e′t) with e′1 = ei; e′t = ei+1
and ej ∩ ej+1 ⊃ Si for j=1; 2; : : : ; t − 1.
A cycle is called quasi-essential if it is not pseudocycle. Two quasi-essential cycles
(e0; e1; : : : ; ek−1) and (e′0; e
′
1; : : : ; e
′
k−1) are called equivalent if ei∩ei+1 = e′i∩e′i+1. The set
of all quasi-essential cycles of a hypergraph consists of partitioned equivalent classes.
Selecting one from each equivalent class as an essential cycle, the others are called
third type pseudocycles (see [9]). The systems suit the structural properties of relational
databases.
We call the maximum number of independent essential cycles of H an essential
cyclomatic number of H, written as c(H).
Particularly, for a graph, it is just the dimension of the cycle space of the graph.
The cycle space of hypergraph was de0ned by Harary [5]. Clearly, the maximum value
of cyclomatic numbers of graphs of given order is achieved by the complete graph.
Is this true for uniform hypergraphs as well? In this paper, we will study the upper
bound of the essential cyclomatic number and show that the essential maximum value
of essential cyclomatic numbers of uniform hypergraphs of given order is not always
achieved by the complete hypergraph.
Let V be a 0nite set, E ⊆ 2V and ⋃e∈E e=V , then H=(V;E) is a hypergraph with
V as its vertex set and E as its edge set. A hypergraph H is r uniform if |e|= r for
any e∈E. Denote by Krn the complete r-uniform hypergraphs of order n.
A hypergraph H can be represented by the Hasse digraph and Hasse graph of its
intersection closure. For H=(V;E), de0ne its intersection closure H∗=(V;E∗), where
E∗ is de0ned in the following way: (i) E ⊆ E∗; (ii) e1; e2 ∈E∗ implies e1 ∩ e2 ∈E∗. It
is easy to verify that (E∗;⊆) is a meet-semilattice in which x6y if and only if x ⊆ y
and the meet of x; y is their intersection. For x; y∈E∗, if x¡y and there exists no
z ∈E∗ such that x¡ z¡y; then it is considered that y covers x. The Hasse digraph
of H∗ is D(H∗)= (E∗; A), where A= {(x; y)| y covers x; x; y∈E∗} is the arc set. The
underlying graph of D(H∗) is called the Hasse graph of H∗ and is denoted by G(H∗)
(or simply G).
For x∈E∗, denote by c+(x) the number of components of G(H∗)[y|x¡y]. The
nonnegative parameter
‘(H)= 1 +
∑
x∈E∗
(c+(x)− 1)
is de0ned as the cyclomatic number of H in [6] and the cyclicity of H in [7]. Wang
and Lee [9] have proved that c(H)= l(H). It is easy to testify that, if H is 2-uniform
i.e. a graph, ‘(H) is just the dimension of cycle space of H.
Let (H)=
∑
e∈E(H) |e| − |
⋃
e∈E(H) e| −!(H), where !(H) is the maximum weight
of a forest of the line graph L(H) of H . In L(H), an edge (ei; ej) has weight |ei ∩ ej|
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if ei ∩ ej = ∅. Acharya [1] called (H) the cyclomatic number of H. But Acharya [1],
Marer [7] and Dacar [4] did not give the de0nition of cycles of hypergraph. In general,
l(H) = (H).
Open problem: Whether there exists a suIcient and necessary condition for
l(H)= (H).
In Section 2, we present a general upper bound of ‘(H) in terms of size, order and
edge-size. In Section 3, we give a sharp upper bound for (n−2)-uniform hypergraphs of
order n by solving an extremal problem on the enumeration of some speci0ed subgraphs
of the graph. It is remarkable that the maximum value of ‘(Hn−2) is generally not
achieved by Kn−2n , which is quite diJerent from the situation of graphs. This reKects,
in one respect, the essential diJerence between graphs and hypergraphs.
2. The upper bound of ‘(H)
Denote by Krn the complete r-uniform hypergraph of order n. Given a set X , let
X (r) = {S ⊆ X : |S|= r}.
Theorem 1. Suppose H is a hypergraph of size m; then
‘(H)6
(
m
2
)
− m+ 1:
If H is also r uniform;
‘(H)6
1
2
m
((
n
r
)
−
(
n− r
r
))
:
Proof. For x∈E∗, if c+(x)¿ 2 and e1; e2 belong to diJerent components of G[y|x¡y],
then x= e1 ∩ e2. Choose c+(x) edges of H from c+(x) components of G[y|x¡y], re-
spectively, and denote them by F(x). Then we have
F(x1)(2) ∩ F(x2)(2) = ∅
for diJerent x1; x2 ∈E∗ with c+(x1); c+(x2)¿ 2. It follows that
‘(H) =
∑
c+(x)¿2
(c+(x)− 1)− m+ 1
6
∑
c+(x)¿2
(
c+(x)
2
)
− m+ 1=
∑
c+(x)¿2
|F(x)(2)| − m+ 1
6 |E(2)| − m+ 1=
(
m
2
)
− m+ 1:
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If H ⊆ Krn , then for any e0 ∈H,
|{e∈E(H): e0 ∩ e = ∅}|6
(
n
r
)
−
(
n− r
r
)
:
Thus,
∑
c+(x)¿2;x =∅
|F(x)(2)|6 1
2
m
((
n
r
)
−
(
n− r
r
))
:
As c+(∅)6m, the second inequality follows. The proof is completed.
Clearly, the 0rst upper bound can be achieved by each n− 1-uniform hypergraph.
Suppose H ⊆ Kn−2n is of size m. For e∈E(H), if e=V (H)\{a; b}, denote e by ab.
Similarly, abc=V\{a; b; c}, abcd=V\{a; b; c; d}. De0ne the accompanying graph of
H as a simple graph H with V (H)=V (H); E(H)= {ab: ab∈E(H)}.
For abc∈E∗; |{e∈E : abc ⊆ e}|6 3. If c+(abc)= 2; abc is the intersection of two
edges of H, say, ab and bc. Then edges ab; bc form a path of length 2 in H . If
c+(abc)= 3, then ab; bc and ca belong to E. So the triangle abc ⊆ H . For abcd∈E∗,
if |{e∈E : abcd ⊆ e}|¿ 3, c+(abcd)= 1. If c+(abcd)= 2; abcd is the intersection of
two edges, say, ab and cd of E. Then H [a; b; c; d] consists of two edges ab and cd.
Denote by p2(H) the number of paths of length 2 in H , by e2(H) the number of
vetex induced subgraphs isomorphic to 2K2 and by c3(H) the number of triangles of
H . From the above discussion, we have
‘(H) =

 ∑
|x|=n−3
+
∑
|x|=n−4

 (c+(x)− 1)− m+ 1
= (p2(H)− c3(H)) + e2(H)− m+ 1:
Denote this number by ‘(H). Then, the exact upper bound of ‘(H) is just the maximum
value of ‘(H) among all simple graphs of order n.
3. An extremal problem of graphs
For a simple graph H and v∈V (H), put N0(v)= {u∈H |uv∈E(H)}; N (v)=N0 ∪
{v}, m(H)= |E(H)|. The number ‘(H) is de0ned in Section 2. What is the maximum
‘(H) among all graphs of order n and which are the extremal graphs? We will show
that Kn and Kn=2	 ∪ K
n=2 are the only extremal graphs.
Denote Kn=2	 ∪K
n=2 by Bn. Direct calculation shows that ‘(Kn)¿ ‘(Bn) if n6 17
and ‘(Kn)¡‘(Bn) if n¿ 17. Put an= ‘(Kn+1)− ‘(Kn); bn= ‘(Bn+1)− ‘(Bn).
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Lemma 1. For a graph H; |H |= n+ 1; v∈H and deg v=,(H)=d; then
‘(H)− ‘(H − v)6


2
(
d
2
)
+
1
2
d2(n− d)− d if d¡
⌊n
2
⌋
;
2
(
d
2
)
+ d
(
n− d
2
)
− d if d¿
⌊n
2
⌋
:
Proof. Denote ‘(H) − ‘(H − v) by -. Put H1 =H [N0(v)]; H2 =H [V\N (v)]. If
m(H − v)= 0; -=(d2 )− d+ 1. Otherwise,
-=p2(H)− p2(H − v) + e2(H)− e2(H − v)− (c3(H)− c3(H − v))
−(m(H)− m(H − v))
=
((
d
2
)
+
∑
u∈H1
degH−v u
)
+
∑
u∈H1
(m(H2)− mu)− m(H1)− d
=
(
d
2
)
− d+
(
m(H1) +
1
2
∑
u∈H1
du
)
+ dm(H2) +
∑
u∈H1
(
1
2
du − mu
)
;
where du=degH−vu− degH1 u; mu= |{e∈E(H2) :dist(u; e)= 1}| for u∈H1.
Suppose H2 contains . isolated vertices. Then du − .6 2mu or 12du − mu6 12.. It
follows that
dm(H2) +
∑
u∈H1
(
1
2
du − mu
)
6


1
2
d2(n− .− d) + 1
2
.d; d¡
⌊n
2
⌋
;
d
(
n− .− d
2
)
+
1
2
.d; d¿
⌊n
2
⌋
;
6


1
2
d2 (n− d) if d¡
⌊n
2
⌋
;
d
(
n− d
2
)
if d¿
⌊n
2
⌋
:
As
2m(H1) +
∑
u∈H1
du=
∑
u∈H1
degH−v u6d(d− 1);
the required inequality follows. The proof is completed.
Put
c(n; d)=


2
(
d
2
)
+
1
2
d2(n− d)− d if d¡
⌊n
2
⌋
;
2
(
d
2
)
+ d
(
n− d
2
)
− d if d¿
⌊n
2
⌋
:
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Then an= c(n; n); bn= c(n; n=2) and ‘(H) − ‘(H − v)6 c(n; d) for |H |= n + 1;
deg v=,(H)=d.
Lemma 2. It holds that
(i) max
d6n
c(n; d)=
{
an if n6 12;
bn if n¿ 12;
(ii) for n¿ 3; max
d6n−2
c(n; d)= bn:
Proof. Set the function
f1(x)= 2
(
x
2
)
+
1
2
x2(n− x)− x:
As f′1(x)=− 32x2 + (n+2)x− 2¿ 0 for 16 x¡ n=2; c(n; d) increases with respect
to 16d¡ n=2. Put
f2(x)= 2
(
x
2
)
+ x
(
n− x
2
)
− x:
As f′2(x)=
3
2x
2+(2n−3)x+( n2 )−2; f′2(n=2)6 0; f′2(n)¿ 0 and f′2(x) has at most
one root in the interval (n=2; n), the maximal value of c(n; d) can only be achieved
at d= n=2 or d= n when d varies from n=2 to n. Therefore,
max
d6n
c(n; d)=max
{
c
(
n;
⌊n
2
⌋
−1
)
; c
(
n;
⌊n
2
⌋)
; c(n; n)
}
=


c(n; n); n612;
c
(
n;
⌊n
2
⌋)
; n¿12:
Similarly,
max
d6n−2
c(n; d)=max
{
c
(
n;
⌊n
2
⌋
−1
)
; c
(
n;
⌊n
2
⌋)
; c(n; n−2)
}
=c
(
n;
⌊n
2
⌋)
:
With this result we know that Bn is the unique extremal graph, provided that n is
suIciently large. But, how large an n is suIcient and what are the extremal graphs
for small n? In fact, we have the following conclusion.
Theorem 2. Suppose H is a simple graph of order n; then
‘(H)6
{
‘(Kn) if n6 17;
‘(Bn) if n¿ 17:
We prove a lemma at 0rst.
Lemma 3. For a graph H with |H |= n+ 1 and n6 16; if ,(H)6 ⌊ n2⌋ ; then
‘(H)6 ‘(Bn+1):
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Table 1
Upper bounds of m(Hi0+1)
n− i0
n 3 4 5 6 7 8 9
6 0 1
8 0 1 2
10 0 1 1 2
12 0 1 3 2 3
14 0 1 2 3 2 3
16 0 1 3 5 4 3 4
Proof. If |H |6 4; ,(H)6 1 then ‘(H)= 0. If |H |=5; ,(H)6 2 then ‘(H)6 2=
‘(B5). For |H |= n+ 1¿ 6, assume the result for graphs of order less than n+ 1.
Put H0 =H; ,0 =,(H). For 16 i6 n − 2, denote by Hi the graph obtained from
Hi−1 by removing a vertex of degree ,i−1 and set ,i =,(Hi). If ,(H1)6 (n−1)=2,
‘(H)= ‘(H1) + ‘(H)− ‘(H1)6 ‘(Bn) + bn= ‘(Bn+1)
by induction hypothesis and Lemma 2. If ,(H1)¿ (n − 1)=2 then n + 1 is odd,
,(H)= n=2 and H contains at least two nonadjacent vertices of degree n=2. We will
discuss several cases.
Case 1: For 16 i6 n− 3; ,i6 (n− i)− 2. Then, from Lemma 2
‘(H)=
n−4∑
i=0
(‘(Hi)− ‘(Hi+1))6
n−4∑
i=0
bn−i = ‘(Bn+1):
Case 2: There exists i; 16 i6 n − 3 such that ,i =(n − i) − 1. Suppose i0 is the
minimum among them. As ,i06 n=2; n=2− 16 i06 n− 3.
Case 2a: For some j; 16 j¡ i0; ,j6 (n− j)=2. Then
‘(H)=
j−1∑
i=0
(‘(Hi)− ‘(Hi+1)) + ‘(Hj)6
j−1∑
i=0
bn−i + ‘(Bn−j+1)= ‘(Bn+1):
Case 2b: For 16 i6 i0; ,i ¿ (n− i)=2. Then m(H)− m(Hi0+1) is no less than
max
{
2
n
2
+ (i0 − 1)(n− i0 − 1); 2 n2 +
i0−1∑
i=2
n− i
2
+ n− i0 − 1
}
:
Therefore,
m(Hi0+1)6
n(n+ 1)
4
−max
{
−i20 + ni0 + 1;
1
4
(−i20 + (2n− 3) i0 + 4n− 2)
}
:
For n6 16; n=2− 16 i06 n− 3, all upper bounds are listed in Table 1.
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Table 2
Upper bounds of ‘(Hi0 )
n− i0 + 1
n 4 5 6 7 8 9 10
6 0 1
8 0 1 4
10 0 1 3 7
12 0 1 6 7 13
14 0 1 4 9 11 18
16 0 1 6 16 16 18 27
‘(Bn−i0+1) 0 2 8 20 41 73 121
From the proof of Lemma 1, for m(Hi0+1)¿ 0,
‘(Hi0 )− ‘(Hi0+1)=
(
n− i0 − 1
2
)
− (n− i0 − 1) + m(Hi0+1):
From Theorem 1, ‘(Hi0+1)6 (
m′
2 ) − m′ + 1 if m′¿ 0, where m′=m(Hi0+1). So the
upper bounds of ‘(Hi0 ) can be worked out. They are listed as shown in Table 2.
From the above table, ‘(Hi0 )6 ‘(Bn−i0+1) in all possible cases. It follows that
‘(H)=
i0−1∑
i=0
(‘(Hi)− ‘(Hi+1)) + ‘(Hi0 )6
i0−1∑
i=0
bn−i + ‘(Bn−i0+1)= ‘(Bn+1):
The proof is completed.
Proof of Theorem 2. If |H |= n6 3; ‘(H)6 ‘(Kn). When |H |= n¿ 4, put H0 =H;
,0 =,(H). Let Hi be the graph obtained from Hi−1 by removing a vertex of degree
,i−1 for 16 i6 n − 3. Now assume the result for graphs of order less than n (with
46 n6 17). We will discuss several cases.
Case 1: ,(H)6 (n− 1)=2. By Lemma 3, ‘(H)6 ‘(Bn)6 ‘(Kn).
Case 2: n6 15; ,(H)¿ (n− 1)=2. Then ‘(H)− ‘(H1)6 an−1 by Lemma 1 and
comparison, so ‘(H)6 ‘(Kn−1) + an−1 = ‘(Kn).
Case 3: n=16; ,(H)¿ 8.
Case 3a: 86,(H)6 9. If there exists j; 16 j6 4 such that ,j6 (n− j− 1)=2,
then ‘(Hj)6 ‘(Bn−j) and, for 06 i¡ j; ‘(Hi)− ‘(Hi+1)6 bn−i−1 by Lemmas 2 and
3. Thus
‘(H)6
j−1∑
i=0
bn−i−1 + ‘(Bn−j)= ‘(Bn)¡‘(Kn):
If ,i ¿ (n−i−1)=2 for 06 i6 4, then ‘(Hi)−‘(Hi+1)6 c(n−i−1; (n−i−1)=2+1)
by Lemma 1 and comparison. Therefore,
‘(H)6
4∑
i=0
c
(
n− i − 1;
⌊
n− i − 1
2
⌋
+ 1
)
+ ‘(Kn−5)= 989¡‘(K16):
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Case 3b: ,(H)¿ 10. By Lemma 1 and comparison, ‘(H)−‘(H1)6 a15. So ‘(H)6
‘(K15) + a15 = ‘(K16).
Case 4: n=17; ,(H)¿ 9.
Case 4a: 96,(H)6 10. If there exists j; 16 j6 6, such that ,j6 (n−j−1)=2,
then ‘(Hj)6 ‘(Bn−j) and, for 06 i¡ j; ‘(Hi)− ‘(Hi+1)6 bn−i−1 by Lemma 2 and
comparison. So ‘(H)6 ‘(Bn)6 ‘(K17). If ,i ¿ (n− i − 1)=2 for 06 i6 6, then
‘(Hi)− ‘(Hi+1)6max
{
c(n− i − 1; d):
⌊
n− i − 1
2
⌋
¡d6 10
}
by Lemma 1. It follows that
‘(H)6
6∑
i=0
(‘(Hi)− ‘(Hi+1)) + ‘(K10)6
{
1106 if ,6 = 10;
1224 if ,66 9;
¡ ‘(K17):
Case 4b: ,(H)¿ 11. By Lemma 1 and comparison, ‘(H)−‘(H1)6 a16. So ‘(H)6
‘(K16) + a16 = ‘(K17).
As ‘(K17)= ‘(B17), we can now assume the result for graphs of order less than n
(with n¿ 18). From Lemma 2,
‘(H)= ‘(H)− ‘(H1) + ‘(H1)6 bn−1 + ‘(Bn−1)= ‘(Bn):
Therefore, ‘(H)6 ‘(Bn) for n¿ 17. The proof is completed.
For |V |= n, suppose V =V1 ∪V2, where |V1|= n=2; |V2|= n=2: Denote by Bn−2n
the n− 2 uniform hypergraphs with edge set
E= {ab: a; b∈V1 or a; b∈V2}:
Corollary. For H ⊆ Kn−2n ,
‘(H)6
{
‘(Kn−2n ) if n6 17;
‘(Bn−2n ) if n¿ 17:
4. Uncited reference
[3]
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Appendix (Table 3)
Table 3
Values of c(n; d) with n=26 d6 n
n n− d ‘(Kn) ‘(Bn)
0 1 2 3 4 5 6 7 8 9
3 3 0 0 0 0
4 8 3 2 3 0
5 15 8 6 6 11 2
6 24 15 12 12 26 8
7 35 24 20 20 21 50 20
8 48 35 30 30 32 85 41
9 63 48 42 42 45 48 133 73
10 80 63 56 56 60 65 196 121
11 99 80 72 72 77 84 90 276 186
12 120 99 90 90 96 105 114 375 276
13 143 120 110 110 117 128 140 150 459 390
14 168 143 132 132 140 153 168 182 638 540
15 195 168 156 156 165 180 198 216 231 806 722
16 224 195 182 182 192 209 230 252 272 1001 953
17 255 224 210 210 221 240 264 290 315 336 1225 1225
18 288 255 240 240 252 273 300 330 360 387 1480 1561
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